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Letter 

INHOMOGENEOUS ELECTRON LIQUID: 
DIFFERENTIAL EQUATION SATISFIED 

BY DIAGONAL ELEMENT OF COULOMB 
BOUND S-STATE GREEN FUNCTION 

c. AMOVILLI", N. H.  MARCH^.*, T. G .  S C H M A L Z ~ ,  
G. HITEb and D. J. KLEINb 

Dipurtimento di Chimicu e Chimicu Industriale, Universita di Pisa, 
Via Risorgimento 35, 56126 Pisa Italy; 

Department of' Marine Science, Texas A&M University at Galveston, 
Mitchell Campus. Galveston, Texas, U S A  

(Received 1 March 1998) 

Because of density functional theory, attention has shifted from density matrices and 
Green functions to their diagonal elements. Here, an explicit partial differential equation 
is given for the diagonal elements of the bound state Green function for the s-states only. 
Relation to earlier work in terms of Whittaker functions is briefly discussed, for the 
Coulomb field case. 

Keywords; Electron liquid; bound s-state Green function 

Early work by March and Murray [ l ]  was concerned with the 
canonical density matrix C(7, 7'; p) (p = I / k s T ) ,  and its diagonal 
element, the so-called Slater sum S (7, /3), in central field problems. 
While C(7, 7'; p)  satisfies the Bloch equation, in Ref. [ l]  it was shown 
that the analysis of S(7,P) into partial waves allowed an explicit 
partial differential equation to be constructed for S,(r,,B), with I the 
orbital angular momentum quantum number. In the present study, the 
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416 C. AMOVILLI el a1 

result for 1 = 0 in Ref. [l] is utilized to study the Coulomb Green 
function. The usual definition of this quantity involves a sum over the 
entire level spectrum, which for this hydrogen-like system is an inifite 
number of bound states plus continuum. Precisely, the bound-state 
Coulomb Green function for s-states only is defined by 

i.e., with the sum of the hydrogenic wave function product for 
1 = m = 0 over the energy denominator restricted to bound-states 
only. 

Our primary aim below is to set up a differential equation for the 
diagonal element Gbs(r ,  E )  = Gbs(7, r‘; E )  of this quantity (1). To do so, 
it will be convenient to construct Gbs(r, E )  from the bound-state Slater 
sum. This is defined, again for s-states only, as 

In Ref. [l]  an explicit partial differential equation was constructed for 
sbs ( r ,  namely 

which has been rederived in the later work of Cooper [2]. Equation ( 3 )  is 
true for a general central potential V ( r ) :  here we specialize to V = - Zjr. 
In this special case the s-states determine the entire Slater sum. 

Let us now take the Laplace transform of Eq. (2) with respect to P: 

Comparison of Eq. (4) with the diagonal element 7’ = 7 of Eq. (1) 
shows that 

for the bare Coulomb field case. 
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Thus, the primary objective of the work, namely to establish a 
differential equation for the bound-state Green function, is equivalent 
to deriving the differential equation satisfied by CSbs(r, P) .  But this can 
now be achieved by taking the Laplace transform C of Eq. (3) with 
respect to P 

This yields, with C, = CSbs(r, P )  

Integrating by parts in Eq. (6) gives for the final term on the LHS the 
value 

But one can now remove the term in Sbs(r, 0) by inserting Eq. (7) into 
Eq. (6) and then by differentiation with respect to E. 

Denoting dC/dE by C’ one finds 

This from Eq. (5 ) ,  essentially provides the desired partial differential 
equation for Gbs(r,-E), and Eq. (8) is the central result of this Letter. 

It is relevant in the present context to note that, for the Coulomb 
potential -2 j r  considered here, Ho and Inomata [3] have given a 
closed form of the usual s-state Green function G,T(J, J’; E)  in which 
both bound and continuum states are included in the summation 
of the terms in Eq. (1). On the diagonal J= J’, their result has the 
following shape: 
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478 C. AMOVILLI rf al. 

where A4 and Ware solutions of Whittaker's equation 

for appropriate choices of K and p, and f(E) is known. If one could 
project out of their closed result (9) the bound states, then one would 
naturally have an explicit solution of Eq. (8), but we shall not pursue 
the matter further in this Letter. 

In summary, density functional theory of an inhomogeneous 
electron liquid focusses directly on the diagonal density p(?)  instead 
of the off-diagonal pure state density matrix r(F',?') (see Theophilou 
and March [4] for the Coulomb field case). Here, this philosophy, 
applied in Ref. [I] already to the canonical density matrix C and the s- 
state Slater sum, has been extended to the off-diagonal s-state Green 
function Gbs(?,F";E) for bound states only in Eq. (1). A differential 
equation has here been constructed for its diagonal part Gbs(r, - E ) .  
This Eq. (8) may be related to a form such as given in Eq. (9), but as it 
stands this result of Ho and Inomata [3] includes continuum as well as 
the bound states solely considered in this Letter. 
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